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RACKGROUND 

Discussions of the  need fo r  s t u d i e s  of the molecular 
or igins  of non-Newtonian behavior of polymer f l u i d s  and of 

our approach t o  t h i s  problemwere given i n  the proposal i n  

so l i c i t a t ion  of NsG 667, These discussions w i l l  not be re- 

peated i n  de ta i l ,  b u t  we feel it would be u s e f u l  t o  summarize 

the scientific and technological background tha t  motivates 

our approach t o  the problem. 

W e  consider two rheological experiments characterizing 

polymer melts and solutions. In the first case w e  sub jec t  the 

f l u i d  to a constant r a t e  of (simple) shear and define an ap- 

parent non-Newtonian viscosity '7 by the relationship 

7 = rl7 
where 7 is the  shear stress and is the shear rate.  In  the 

second case we  subject the f l u i d  to a small sinusoidal shear 

where 70 is the amplitude of the osci l la t ion,  M is the angular 

frequency and t is  time, 

shear stress T*; 

W e  then observe a sinusoidally varying 

T *  = T,exp(iat + i 6 )  

where TO is the amplitude of the v a r y i ~ g  she= SL-ZSS aici 6 
is  t h e  angle by which stress and s t r a i n  are out of phase. 

the  material  is a non-viscoelastic f l u i d  6 is 90'. From t h i s  

second experiment, called +he d~pai%ic axyerillrent, w e  can a l so  

define a viscosity,  the dynamic viscosity q*; 

w h e r e  +is the time derivative of p. 
q* is a complex number and is wri t ten 

q+ = 15' - i r , +  

If 

T* 3 n*3+ = q* imy * 
The dynamic viscosi ty  
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where y '  is  the real p a r t  and V "  the imaginary part., J u s t  as 

is a function of ;, we f ind t h a t  n* is a function of a. 

It is reasonable to ask j u s t  what the relationship be- 

tween these two viscos i t ies  might be s ince  they measure energy 

diss ipat ion of the macromolecular systems under great ly  d i f -  

ferent  circumstances, Apparent viscosi ty  is  obtained from a 

large-strain experiment i n  which the polymer chains are 

grossly removed from their  equilibrium positions,and a t  high 

shear rates the chains can be great ly  deformed, 

cosity, however, is obtained from a small-strain experiment i n  

Dynamic vis- 

which the polymer chains undergo small osc i l la tory  perturba- 
t ions  about their equilibrium positions, One relationship be- 

tween the two v i scos i t i e s  can be derived from phenomenological 

l i nea r  viscoelast ic i ty  theory with no dependence upon any 

molecular model. (2) It can be shown t h a t  

l im q = l im n* = l i m  

(since lim nu = 0) 
w - 0  

+ o  ' . ! - . . O  w - 0  

These expsessions can also be derived from i r revers ib le  

s t a t i s t i c a l  machines s t a r t i n g  from the  usual random f l i g h t  model 
for PO- .molecules. (3'4) 

t h a t  a t  suff ic iently szzu vaiues tf 2 and w tire values of n 

and n '  should be equal. Experimentally we find the  values 

q and 7' begin to decrease with increasing and 

The above equations simply t e l l  u s  

w at &ut 

angular frequency. 

saiie crit ical  value for  the shear r a t e  and 

In the past, it has often been concluded 
from experiment tha t ,  at l e a s t  semiquantitatively, ( 5 ,  6 R 7 )  
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or sometimes t h a t  (8,9) 

d;) = p d ~  + o v w ) g 1 / ~  
0 

when y = IU. These observations have been given some support (10,W 

from theories  which base non-Newtonian behavior on chain dis tor-  

t i on  during f l o w .  

It now seems clear, however, t h a t  previously observed 

equivalence of 7 and Q* was an experimental coincidence appli- 

cable only t o  a very l imited range of values of and CY. More 

recent work covering extended ranges of frequency and shear rate 
for polyethylene m e l t  demonstrates deviation of the  t o  viscoei ty  

functions. 
0 

Even though n* (w)  and n(7) are not the same functions of 

their respective arguments, it should not be assumed that the 

two v i scos i t i e s  are not related. 

manifestations of molecular relaxation. Problems in molecular 
mechanics of polymer chains can be treated by normal coordinate 

analysis. (384) To each normal mode of motion we  can relate a 

f r i c t i o n  fac tor  (or drag coefficient)  which, i n  turn, defines 

a corresponding relaxat ion time. 

over a broad range of frequencies gives a detailed pietr?re sf 

the normal modes of motion and the corresponding relaxation 

times of polymer chains. (3,4) 

non-Newtonian viscosi ty  i n  terms of tihe reepmse of theas same 
normal modes t o  a constant shear gradient. 

as has most a f t e r  been the  case, (3,4) t h a t  the same relaxation 

times (or drag coeff ic ients)  apply t o  both the dynamic and 

steady shear experiments the  most rigorous of theories predict  

Both can be interpreted as  

The study of dynamic v iscos i ty  

W e  should be able to in te rpre t  

If  it is assumed, 
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polymer solutions and m e l t s  t o  be Newtonian f l u i d s .  (384) mis 
disappointing r e s u l t  has had some tendency t o  discredit the 

"molecular relaxation" interpretat ion of polymer viscosi ty ,  

Arguments have been presented, however, that  relaxation times 

should not be the  sane i n  the t w o  cases. 
postulates that  long chain molecules become less entangled during 

steady f l o w  and t h u s  demonstrate ahorter relaxation t i m e s .  H e  

gives a k ine t ic  model for entanglement-disentanglement equi l ibr ium 

t h a t  is sh i f ted  toward disentanglenent by a constant shear 

gradient. The essence of h i s  model is not un l ike  t h a t  arrived 

For example, Groessley (13 1 

a t  by Brodkey from quite d i f fe ren t  considerations. (14) Con- 

sidering the simplici ty  of the entanglement - disentanglement 

model, agreement between theory and experiment is good, The 

f a c t  s t i l l  remains, however, tha t  there are few dynamic and 

steady f l o w  viscosi ty  data on well characterized polymer systems 

kIH1 chich t o  tes t  theory. . .: &%. 

A rather straightforward experiment can be designed which 

would demonstrate whether or not chain entanglements play a pre- 

dominate ro l e  i n  non-Newtonian behavior of polymer m e l t s  and 

solutions. From dynamic viscosity we  can determine d i rec t ly  

the  extent  of molecular entanglement. By measuring dynamic 

response superimposed upon steady flaw we can determine the 
extent  of molecular entanglement as a function of shear rate. (13) 

If  chain entanglement is responsible fo r  non-Newtonian behavior 

we should observe ( f r o m  our superimposed dynamic measarerients) 

a decreasing entanglement density w i t h  increasing shear ra te .  

I f  w e  should observe entanglement density independent Of sheerr 

rate we raou3,d have t o  abandon t h e  concept of non-Newtonian vis-  

cos i ty  being due t o  decreasing entanglement density, 

then be forced to  consider again chain d is tor t ion  models or look 

for some new approach to understanding non-Newtonian flow based 

W e  would 
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on moleaular mechanism. 

described above has never been done. 

in the 

able us to make dynamic measurements superimposed upon steady 
non-Newtonian flow. 

To this author's knowledge the experiment 
As we will point out later 

r m ,  we plan to modify our present equipment to en- 
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PROGRESS AND RESULTS 

THEORETICAL 
the proposal submitted for t h i s  grant, we  described 

a set of norm1 coordinates i n  which the  equations Of motion 

for an a s s d l y  of l inear  polymer molecules could be separated* 

These normal coordinates tu rn  O u t  to be the Same as those ob- 
tained by transforming to t h e  appropriate Set i n  w h i c h  we can 

w r i t e  the square of the radius of gyration a s  the S- of squares 
of the coordinates. T h i s  principal invest igator  has s tudied  

this normal coordinate system in depth. (15,16,17) This separa- 

t ion  of variables  reduces the development of theories of dyna- 

m i c  and steady f l a w  v iscos i t ies  t o  problems i n  non-equilibrium 

s ta t i s t ica l  mechanics. Several dynamic v iscos i ty  theories 
w e r e  developed t h a t  were i n  good agreement w i t h  experiment, 0 , 4 )  

Application of the same techniques t o  steady f l a w  viscosi ty  

yielded r e su l t s  predicting polymer m e l t s  and solutions t o  be 

Newtonian f lu ids ,  Early i n  t h e  period of t h i s  grant w e  also 
attacked the problem of predicting TI from molecular s t r u c t u r e .  

Although we feel gratified tha t  w e  obtained a solution t o  the 

problem by going fu r the r  back t o  first pr inciple  than our pre- 

decessors, we w e r e  hardly elated by the fact that we go+- the 

exact same wrong answer - namely t h a t  polymer m e l t s  and solutions 
are Newtonian f luids .  Nevertheless, because of the close re- 

la t ionship  between our theoretical  approach t o  viscosity ar;d the 

theory of polymer dimensions, we believe t h i s  work is  suff ic ient-  

l y  i l luminating to  warrant publication. 
w o r k  w i l l  be submitted t o  the Journal of Chemical Physics w i t h  

a t i t l e  such as  "Relationships Between Configurational Statist ics 
and Flaw Mechanism of Linear Polymer Mclecules", 

The r e s u l t s  of t h i s  
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As an aside, w e  should l i k e  t o  point out t h a t  the ear ly  
theoret ical  works on dynamic and steady f l o w  viscosity ( 3 8 4 )  

preceeded this author's work on the configurational statist ics 

of l i nea r  polymer molecules (15816817) and the equivalence of 

the normal coordinate systems was never appreciated. 

Our theoret ical  approach to  steady flow viscosity, a s  the 

others, assumed molecular entanglement t o  be independent of 

shear ra te .  

t h i s  assumption yields a theory i n  qua l i ta t ive  agreement w i t h  

experiment. 

shear r a t e  was q u i t e  arbi t rary,  and whether or not t h i s  m o d i f i -  

cation of the m l e c u l a r  relaxation theory has real  physical 

significance w i l l  have t o  be determined by experiments other 

It has been shown, (13) however, t h a t  removal of 

The relationship between entanglement densi ty  and 

than steady f l o w  viscosi ty  (we w i l l  suggest doing j u s t  such ex- 

periments l a t e r  i n  this report,) 
So far  a l l  t h e o r e t i c a l  treatments of dynamic and steady 

W e  f l o w  viscosi ty  have been restricted t o  l inear  molecules. 

have begun extending our normal coordinate analysis to branched 

polymer molecules. When this work is  completed we  should be 

able t o  apply it d i r ec t ly  t o  predicting dynamic viscosity of 

branched polymer. If entanglement density is indeed a function 

of shear ra te ,  we should be able t o  apply the same type"entang1e- 

ment correction" t o  predict  steady flow viscosity of branched 

polymer, Our work ( to  date) on the configurational s t a t i s t i c s  

of branched polyner molecules was presented a t  the "Fi rs t  YLddle 

Atlant ic  Regional Meeting" of the American Chemical Society i n  

Philadelphia, Penna., on February 4, 1966. An abstract  of the 

t a l k  is included a t  the end of t h i s  report ,  

i s  completed copies w i l l  be s e n t  t o  WSA for the NsG 66 f i le .  

When the manuscript 
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EXPERIMENTAL 

1. Viscosity 

Although t h i s  report  covers the 18 months of t he  existence 

of NsG 667, our research group w a s  formed i n  January, 1965 

and has been active for  only about one year. Much of t h i s  

t h e  has been spent in se t t i ng  up, equipping, and organizing 

two new polymer research laboratories. 

por t  from three sources t o  study the broad area of molecular 

W e  have received s u p  

relaxation and flow i n  polymer m e l t s  and solutions. 

l a rges t  support is from N s G  667 with somewhat l e s s  from the 

University of Pennsylvania (administering ARPA funds) and an 

N.S.P. research i n i t i a t i o n  grant. During these ear ly  stages 

of t he  research w e  f ind it d i f f i c u l t  t o  assign t h e  spec i f ic  
or igin of support for  any par t icular  piece of work since our 

a c t i v i t y  has been largely res t r ic ted  to: (1) selection, con- 

s t ruct ion,  and t es t ing  steady s t a t e  and dynamic viscometers, 

(2) bringing the graduate s tuden t s  up t o  a sufzicient  level  

of experimental and/or theoret ical  sophistication t h a t  they 

can do re la t ive ly  independent work, 

puter programming associated with flow and molecular relaxa- 

t i o n  (4) developing auxiliary experimental techniques such as  

The 

(3)rather general com- 

rL n--mrJr=.+; -pyI --&VI. n- QE ~ ~ n ~ d i s p = r s e  p c l p e r  , r -  nrenarnti -r -- - -- nn --- ~f ~fiif~-m- 

polymer solutions (of high viscosity) and recovery of polymer 

f r o m  solution.4 Consequently w e  w i l l  describe our t o t a l  pro- 

gress arid activity in the f i e l d  of relaxation arid flow in 

high-polymer systems . 
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A Haake Rotovisco viscometer w a s  obtained for  our steady 

s-ate viscosi ty  measurements on polymer solutions. It is 

equipped with cup-and-bob and cone-and-plate attachments. 

tests show the  instrument capable of measuring viscosi ty  as a 

function of shear r a t e  on our polystyrene solut ians  from 15% 

t o  50% polymer. This covers the concentration range of m o s t  

i n t e re s t  t o  us  a t  present, bu t  we plan t o  ge t  a second cup-and- 

bob attachment t o  enable u s  t o  go t o  much lower concentrations. 

Our 

The instrument t o  measure dynamic viscosi ty  is now com- 

pleted, however, w e  plan a continuing program of modification 

and hprovement of the equipment. The "heart" of the dynamic 

viscometer i s  the  Haake Rotovisco. The Rotovisco is driven 

i n  a sinusoidal m o d e  with a multi-frequency tors ional  pendulum. 

The resonance frequency of the pendulum is designed t o  be varied 

b e t w e e n  0.05 and 1000 cycles per  sec, by varying the torsion 

bar and i n e r t i a l  elements. The amplitude of the pendulum is 

measured with an optical-electronic transducer system. 

frequencies of a f e w  cycles/sec, or lower, the output of the 

phototube is  recorded,At 10 cycles/sec. and higher, the out- 

put of the phototube is  rec t i f ied  and the envelope recorded. 

Motion of the pendulum is a l s o  monitored w i t h  an oscil l iscope, 

A t  

m*,e p e r i d  cf t& vibraticz is zzsaaursc? P?i* 2 Hewlett-Padcard 

counter. 

of the  pendulum-viscometer system with and without sample, w e  

can determine the  tlynamic viscosity of the pdymer i ~ P t s  

solutions. 

By measuring resonance frequency and log-decrement 
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The torsion pendulum operates w e l l  between 0.1 and 100 

cycles per eec,, b u t  mechanical i n s t ab i l i t y  makes measurements 

impossible a t  higher frequencies, 

incorporating a nearly f r ic t ion less  a i r  bearing. I f  our cal- 

culat ions are correct, lateral  motion of t he  i n e r t i a l  element 

w i l l  be held t o  +, 3 x log4 inch. 

w e  have developed an optical-electronic system t h a t  operates 

adequately. 

however, by fur ther  e l ec t r i ca l  and l i g h t  shielding. 

W e  have redesigned the  system 

After many modifications 

W e  expect t o  improve our s igna l  t o  noise ratios, 

A schematic of the  dynamic visometer was shown i n  a recent 

N s G  667 report ,  Instrument constants fo r  t he  dynamic 

viscometer have been obtained by cal ibrat ion with non-viscoelastic 

(and Newtonian) mineral o i l .  W e  have made our "shakedown" 

runs comparing dynamic and steady flaw viscos i t ies  of 10% and 

50% polystyrene solutions i n  decalin.  

merical material with weight average molecular  weight of about 
200,000, The r e s u l t s  of t h i s  i n i t i a l  work were presented a t  

the "Fi rs t  Middle Atlantic Regional Meeting" of the American 

Chemical Society i n  Philadelphia, Penna,, on February 4, 1966. 

The data presented is shown a t  the  end of t h i s  repor%. 
Figure 1 shows the r e s u l t s  of measurements on the d i l u t e  so- 

The polymer was corn- 

lution; as was e-xpectec?, the sc?lr?ti9n was zearly 2&2wtsniixl 

and non-viscoelastic, 

t o  be equal. Agreement is excellent. Figure 2 shows the 

r e s ~ l t s  of iii2asaraxei1ts on the eancentrated solution. W e  note 

In t h i s  case we  would expect q' and q 

-1 that  below about 50 sec, t h i s  solution is a l so  newtonian 

and n' should equal Agreement is again excellent. Above 

about 50 sec. the  concentrated solution showa non-Newtonian 

behavior and, as  would he expected, n' f a l l s  off with increasing 

-1 
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angular frequency. Unfortunately, j u s t  as we  were beginning 

our high frequency measurements the servomotor of the recorder 

burned out. Because of the trouble with the  servomotor, data 

for  the highest fxrequex?y @13k~.2kS?er ra t ic  and w e  could ex- 

pect t h a t  point t o  be considerably i n  e r ror  (possibly 2 20%). 

Nevertheless, w e  f e e l  t ha t  the instrument works as we  had 

planned and with some modification and minor improvements it 

w i l l  be s u i t a b l e  for  carrying out the  research a s  or ig ina l ly  

proposed. 

2. AUXILIARY RESEARCH 

W e  have recently completed our f i r s t  s u c c e s s f u l  anionic 
As polymerization aimed a t  making monodisperse polystyrene. 

of ye t ,  w e  have not evaluated our product. 

work is  successful s ince t o  be able t o  prepare our own polymer 

samples w i l l  give our program f a r  greater f l ex ib i l i t y .  The 

lack of ava i lab i l i ty  of monodisperse polymer is  not a s  serious 

a s  it was l a s t  year, however, since it is  now available com- 

mercially a t  about ten dol la rs  per twelve grams. 

W e  hope our synthetic 

Since much of work w i l l  be with solutions of v iscos i t ies  

i n  excess of 100 Poise, forming homogeneous solutions becomes 

a rizjoz pr~klec i .  

f e e l  w i l l  do the job. 

w e l l .  

...- = - - -_  we &lave  desiyiied a speciai mixer w h i c h  w e  

As f a r  as  w e  can t e l l  t o  date it works 

I n  ant ic ipat ion of obtaining our f i r s t  steady s t a t e  and 

dynamic v iscos i t ies ,  w e  have w r i t t e n  a computer program t o  

ca lcu la te  v iscos i t ies  and a number of v i scoe las t ic  functions 

(creep compliance, s t r e s s  relaxation, dynamic modulus, dynamic 
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compliance and loss fac tor ) .  

w i l l  calculate  a l l  of the  above functions from the  Rouse-Bueche 

relaxation theory, b u t  it can be easi ly  modified t o  do the 

calculations s t a r t i n g  from any discrete d is t r ibu t ion  of relaxa- 

t i on  times. 

The program as  it now ex i s t s  

W e  have completed se t t ing  up equipment for  the character- 

izat ion of polymer. 

measuring weight average molecular weight and polymer chain di-  

mensions by l i g h t  scat ter ing and number average molecular weight 

by osmometry. 

ment is a l so  now operational. 

W e  now have operational f a c i l i t i e s  for 

Equipment for  routine i n t r i n s i c  viscosi ty  measure- 
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FUTURE PUNS 

W e  have developed the  capabili ty of measuring study f l o w  

and dynamic v iscos i t ies  of polymer solutions a s  described i n  

the proposal for NsG 66. 

studying these v iscos i t ies  as a function of molecular s t r u c -  

t u r e ,  W e  w i l l  s t a r t  ou r  experimentation by looking a t  mono- 

disperse polystyrene. 

more complex system: (1) bzanched monodisperse polymer (2) 

polymer of controlled molecular weight dis t r ibut ion,  (3) block 

and random copolymers. 

W e  can now turn our a t ten t ion  t o  

W e  w i l l  then extend our  work t o  include 

Concurrent w i t h  in terpretat ion of our experimena data 

we plan t o  spend t i m e  considering v iscos i ty  theory. J u s t  

w h a t  we  w i l l  do i n  this area is hard t o  define u n t i l  more 

experimental r e s u l t s  =e available with which t o  exa-nine exis t -  

i n s  theory. What we definiCefy Flan,  hrrwever, is r~?+,i.nced 

s tudies  of normal coordinate analysis of branched polymer 

chaine extending c u r r e n t  viscosity theory to  included branched 

polymer molecules. 

W e  plan a s ign i f icant  addition t o  our experimental pro- 

gram. W e  have devised a technique  of superimposing dynamic 

measurements upon steady flow by modification of our ex is t ing  

Gynamic viscometer, This can be accomplished by ro ta t ing  the 

cup (or p la te )  a t  a constant rate w h i l e  monitoring damped 

osc i l l a t ion  of the bob (or cone). 

t o  es tab l i sh  experimentally the re lat ionship between non- 

Newtonian flow and chain entanglement. 

By t h i s  technique we  hope 
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The work described above is  directed toward studying 

dynamic and steady s t a t e  v i scos i t ies  of polymer solutions, 

During the coming year (1966) we plan t o  extend our research 

t o  inc lude  polymer m e l t s  - a more d i f f i c u l t  area of experimen- 

tation. For our study of steady s t a t e  v i scos i t ies ,  the U n i -  

ve r s i ty  has purchased an Instron Rheometer (a high pressure 

capi l lary viscometer) costing about f ive-thousand dollars.  

For our study of the dynamic visoci ty  of polymer m e l t s ,  w e  

plank0 use the Haak instrument driven (as for  polymer solutions) 

by the  torsional pendulum. W e  have found, however, t h a t  before 

we can use  t h i s  system with m e l t s  w e  w i l l  have t o  redesign 
and rebu i ld  the cone-and-plate attachments. Rebuilding is  

necessary t o  obtain adequate temperature control a t  the  t e m -  

peratures Eequired for the study of polymers w i t h  g lass  tran- 

s i t i o n s  greater than about 50°C, 
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Conchs ions 

W e  propose t o  extend our current research i n  molecular 

mechanisms of non-Newtonian flow of polymers t o  include: 

1. Measurement of dynamic viscosi ty  superimposed 

upon steady flow as a tool for studying shear 

rate dependence of molecular entanglement. 

2, Further developing o u r  equipment t o  enable us 
t o  measure both dynamic and steady f low viscosi ty  

or polymer m e l t s ,  

In addition we plan t o  continue our current ac t iv i ty  i n  

studying non-Newtonian flow of concentrated polymer solutions, 
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ApPendiX 

17: Abstract of paper presented by W. C. Forsman 
a t  the " F i r s t  Middle Atlantic Regional Meeting" 
of the American Chemical Society i n  Philadelphia, 
Pa.  on February 4, 1966. 

/d? Dynamic and steady flaw viscosities of 10% 
solutions of polystyrene i n  decolin a t  about 
30OC. Molecular weight of the polymer was 
about 200,000. 

/ 4 f  Dynamic and steady flow viscosities of 50% 
solutions of polystyrene in decalin a t  about 
30'C. Molecular weight of the polymer was 
about 200,000, 



Page 17 

on THE mm1QJRB1CIoBI m EIRBNCHED POIsNFdl M o m .  
W i l l i a m  I C, Forman. (University of F w n s y l ~ a ) .  

Application of statistfcalrnecbn5cs to  predict the behavior of 
er molecules hae, i n  general, been reasonably success- 

ful. (1,2 p"" T b  present formulation, however, is not entirely satisfac- 
tory i n  the approach to  such probleaas as U a r  viscoelastic behavior. 
We chose therefore, t o  approach the probletn of treating branchdd mole- 
cules from a different point of dew w i t h  hope8 of developing a saneo 
what m o m  general foraulation. In this paper, we present the results 
of applgfng t h i s  type of andysi.8 t o  calculatim of the root-mean-square 
raclfas of gpation of mperhrbed chains with various tppes of branching. 

In a previous paper we showed that the x camponent of the -us of 

matrix of the x caspODBPtS of the vectors cormeoting adjacent masses in  
the flexikile &xb, t is the nmnber of statist ical  elements in  the chain, 

and [a. is a txt spmtr ic  matrix with elments a&t+l-i)a 5f I& 3 
and ckj-(t+1-J)i if j, i. We further sbuued that t2 (Sz> - <g2> trace[a], 

In  tMs paper we show that for branched mlecntles we can write 

o d y  by the natnre of the branching. It follows, then, that for branched 

- 
1 

~ ~ ] ~ g ~  where [ ~ ~ = d h k l  and fC7 and, b] are atemined 

raolscales 

We applied the above technique of analysis t o  the genera cruciform . 
molecule with branches of k, 1, m, and n segments. We express the results 
fn terms of g which ie. the ratio of < S2) for a given brancbed & a h  t o  < ~ 2 )  f o r  a ~lpezu.  .a.ttie asme number af staifstrfca segmente. ~f 
we writeK=(k/t), 

= (l/t), - (m/t>, and Y =  (dt) ~8 find that ' - . 
g - L 6 t K A N  +khV + ~ A Y  + AHYJ 

We also applied this technique to  the mdpolmly branched, or ccoab- 
li'ke,molecule having zi brasches of b eesents on a linear backbone with 
ea& bran& sepatied tram 5ts nearest neighbors bym backbone segplents. 
The expression f o r  g I s  again a simple one, and particularly simple if 
n 9  1. ~n this latter case, if  we u r i t e ~  = W t h e  fraction of segments 
in the backbane) and (3 = &/%(the fraction of segments in the branches) 
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